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Abstract 



A vertex-colored graph G is rainbow vertex- connected if any pair of vertices in 
G are connected by a path whose internal vertices have distinct colors, which was 

■ introduced by Krivelevich and Yuster. The rainbow vertex- connection number of 

■ a connected graph G, denoted by rvc{G), is the smallest number of colors that 
. are needed in order to make G rainbow vertex-connected. In a previous paper we 
, showed that it is NP-Complete to decide whether a given graph G has rvc{G) = 2. 

In this paper we show that for every integer k > 2, deciding whether rvc{G) <k is 
NP-Hard. We also show that for any fixed integer k > 2, this problem belongs to 
NP-class, and so it becomes NP-Complete. 

' Keywords: vertex-colored graph, rainbow vertex-connection number, NP-Hard, 

G^ ■ NP-Complete. 

O ■ AMS subject classification 2010: 05C15, 05C40, 68Q17, 68Q25, 90C27. 



1 Introduction 

All graphs considered in this paper are simple, finite and undirected. Undefined ter- 
minology and notation can be found in [2]. 

Let G be a nontrivial connected graph with an edge-coloring c : E{G) — )■ {1, 2, ■ ■ ■ , k}, 
G N, where adjacent edges may be colored the same. A path P of G is a rainbow path 
if no two edges of P are colored the same. The graph G is called rainbow- connected if for 
any pair of vertices u and v of G, there is a rainbow u — v path. The minimum number 
of colors for which there is an edge-coloring of G such that G is rainbow connected is 
called the rainbow connection number, denoted by rc{G). Clearly, if a graph is rainbow 
connected, then it is also connected. Conversely, any connected graph has a trivial edge- 
coloring that makes it rainbow connected, just assign each edge a distinct color. An easy 
observation is that if G has n vertices then rc{G) < n — 1, since one may color the edges 
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of a spanning tree with distinct colors, and color the remaining edges with one of the 
colors already used. It is easy to see that if if is a connected spanning subgraph of G, 
then rc{G) < rc{H). We note the trivial fact that rc{G) = 1 if and only if G is a clique, 
the fact that rc{G) = n — 1 if and only if G is a tree, and the easy observation that 
a cycle with k > 4 vertices has a rainbow connection number \k/2]. Also notice that 
rc(G) > diam{G), where diam{G) is the diameter of G. 

Similar to the concept of rainbow connection number, Krivelevich and Yuster ^ pro- 
posed the concept of rainbow vertex-connection. Let G be a nontrivial connected graph 
with a vertex-coloring c : V{G) — ?■ {1,2,- ■■ ,k},k G N. A path P of G is rainbow 
vertex- connected if its internal vertices have distinct colors. The graph G is rainbow 
vertex- connected if any pair of vertices are connected by a rainbow vertex-connected path. 
In particular, if k colors are used, then G is rainbow fc-vertex-connected. The rainbow 
vertex- connection number of a connected graph G, denoted by rvc{G), is the smallest 
number of colors that are needed in order to make G rainbow vertex-connected. An 
easy observation is that if G is of order n then rvc{G) < n — 2, rvc{G) = if and only 
if G is a complete graph, and rvc{G) = 1 if and only if diam{G) = 2. Notice that 
rvc{G) > diam{G) — 1 with equality if the diameter is 1 or 2. For the rainbow connection 
number and the rainbow vertex-connection number, some examples were given to show 
that there is no upper bound for one of parameters in terms of the other in 0. Krivelevich 
and Yuster [7] proved that if G is a graph with n vertices and minimum degree 5, then 
rfc(G) < lln/5. Li and Shi used a similar proof technique and greatly improved this 
bound, see 

The computational complexity of rainbow connection number has been studied exten- 
sively. In [3], Caro et al. conjectured that computing rc(G) is an NP-Hard problem, and 
that even deciding whether a graph has rc(G) = 2 is NP-Complete. Later, Chakraborty 
et al. confirmed this conjecture in [1]. They also conjectured that for every integer k > 2, 
to decide whether rc(G) < is NP-Hard. Recently, Ananth and Nasre confirmed the 
conjecture in [Ij. Li and Li [8] showed that for any fixed integer /c > 2, to decide whether 
rc(G) < is actually NP-Complete. For the rainbow vertex-connection number we got a 
similar complexity result in [B]. 

Theorem 1 JV] Given a graph G, deciding whether rvc{G) = 2 is NP-Complete. Thus, 
computing rvc{G) is NP-Hard. 

As a generalization of the above result, in this paper we will show the following result: 

Theorem 2 For every integer k > 2, to decide whether rvc{G) < k is NP-Hard. More- 
over, for any fixed integer k > 2, the problem belongs to NP-class, and therefore it is 
NP-Complete. 

In order to prove this theorem, we first show that an intermediate problem called 
the fc-subset rainbow vertex-connection problem is NP-Hard by giving a reduction from 
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the vert ex- coloring problem. We then establish the polynomial-time equivalence of the k- 
subset rainbow vertex-connection problem and the problem of deciding whether rvc{G) < 
k for a graph G. 

2 Proof of Theorem 2 

We first describe the problem of fc-subset rainbow vertex-connection: given a graph G 
and a set of pairs P C V{G) x V{G), decide whether there is a vertex-coloring of G with k 
colors such that every pair of vertices {u, v) & P is rainbow vertex-connected. Recall that 
the /c-vertex-coloring problem is as follows: given a graph G and an integer k, whether 
there exists an assignment of at most k colors to the vertices of G such that no pair of 
adjacent vertices are colored the same. It is known that this fc-vertex-coloring problem 
is NP-Hard for A; > 3. Now we reduce the fc-vertex-coloring problem to the A;-subset 
rainbow vertex-connection problem, which shows that the problem of fc-subset rainbow 
vertex-connection is NP-Hard. 

Lemma 1 The problem of k-vertex-coloring is polynomially reducible to the problem of 
k-subset rainbow vertex-connection. 

Proof. Let G — (V, E) be an instance of the /c-vertex-coloring problem, we construct a 
graph (G" = {V , E'), P) as follows: 

For every vertex v we introduce a new vertex x^. We set 

V ^VU{xy: V eV} and E' ^ EU {{v, x^) : v e V}. 

Now we define the set P as follows: 

P = {{xy,,x^) : {u,v) e E}. 

It remains to verify that G is vertex-colorable using A;(> 3) colors if and only if there 
is a vertex-coloring of G' with k colors such that every pair of vertices {xu,Xv) e P is 
rainbow vertex-connected. 

Let c be the proper A;-vertex-coloring of G. We define the vertex-coloring c' of G' by 
c'{xv) = c'{v) = c{v). If {xu,Xy) G P, then {u,v) G E, c{u) 7^ c{v), and so c'{u) 7^ c'{v), 
XuUVXv is a rainbow vertex-connected path between Xu and Xy. 

In the other direction, assume that c' is a fc-vertex-coloring of G' such that every pair 
of vertices ( rainbow vertex-connected. We define the vertex- coloring c of 

G by c{v) = c'{v). For every {u,v) G E, {xu,Xy) G P, since the rainbow vertex-connected 
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path between Xu and must go through u and v, c'(h) ^ c'(v), and so c{u) ^ c{v), thus 
c is the proper /c- vertex-coloring of G. ■ 



In the following, we prove that the problem of deciding whether a graph is /c-subset 
rainbow vertex-connection is polynomial-time equivalent to the problem of deciding whether 
rvc{G) < /c for a graph G. 

Lemma 2 The following problems are polynomial-time equivalent: 

1. Given a graph G, decide whether rvc{G) < k. 

2. Given a graph G and a set P <^ x V{G) of pairs of vertices, decide whether 
there is a vertex-coloring of G with k colors such that every pair of vertices {u,v) E P is 
rainbow vertex-connected. 

Proof. It is sufficient to demonstrate a reduction from Problem 2 to Problem 1. Let 

{G = (y,E),P) be any instance of Problem 2. We construct a graph Gk = (VkyEk) 
such that G is a subgraph of Gk and rvc{Gk) < k ii and only if G is /c-subset rainbow 
vertex-connected. We prove the correctness of the reduction by induction on k. For k = 2 
and A: = 3, we give explicit constructions and show that the reduction is valid. Then we 
show our inductive step to get Gk and prove the correctness of the reduction. 

Construction of G2: Let G2 — (V2, E2) where the vertex set V2 is defined as follows: 

V2 = {ujUVi''^ UV^^^ 

vi'^ = {<;^<^^e{l,2,..■,n}}u{^g,^(^K^,)G(v^xv^)\p^ 

Vi'^ = K2:^e{l,2,---n}} 

and the edge set E2 is defined as: 

« U i^f U Ei'^ U Ei'^ U ) U Ei'^ 
{{u,x):xe 

{iy^i!h^l"})--iv.v,)e{VxV)\P} 

Vifl), {vi,2, vfo ) : i e {1, 2, • • • , n}} 
{{v,,2,w^^),{vj,2,w^^) : {v„vj) e{Vx V)\P} 
{^2,^2) : (vi,vj) e E(G)} 

Denote H2 = GsfKs : i e {1, 2, . . . , n}}]. Let P2 = {(^^,2,-^^,2) : {vi,Vj) e P}. The 
graph G2 satisfies the property that for all (i'i,2, i'j,2) £ P2 there is no path of length < 3 
between Vi^2 and Vj^2 in G2\E{H2) and also for all (i'j,2, Vj,2) ^ P2 the length of the shortest 
path between Vi^2 and Vj^2 in G2 \ E{H2) is 3. 

Let c:^— >{l,2}bea 2- vertex-coloring of G such that every pair of vertices in P is 
rainbow vertex-connected . Define the vertex-coloring C2 of G2 as follows: 



E2 = 

= 

E?^ = 

E? = 
= 

^2 — 
^2 — 
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C2{u) = 1. 



• C2(t;S) = 1 and C2(t;g) = 2 for i e {1, 2, • • • , n}. 



C2{wl'J) = 1 and C2{w]^J) = 2, for all w,^ e , « e {1, 2}. 
C2(t'i,2) = c{vi), for i e {1, 2, • • • , n}. 



It can be easily verified that rvc{G2) < 2 if and only if G is 2-subset rainbow vertex- 
connected. 

Construction of Ga: Let G3 = (1/3, £'3) where the vertex set 1^3 is defined as follows: 

= {vSl, v'S:^e {1,2, ■■.,n}}^{yihy'i^^^(v^,v,)e(yxV)\P} 

Vs^'^ = {<l^<^^e{l,2^••,n}}u{^iu^^K^,)e(v^xv^)\p} 

Vi'^ = K3:ie{l,2,.--,n}} 

and the edge set £'3 is defined as: 

£3 = s^^^usf U£f us^^^usf U£f u£f) 

£$^) = {(x,y):x,yey3(°)} 

= {(^1?, 4^1^) :ie{l,2,...,n},a,Pe {1, 2}} 

= ^1?) ^ (^-^.) e (V^ X V)\P, a,Pe {1,2}} 

= {(<\\<?):^e{l,2,---,n}} 

= {K3,t'S),K3,<?):^G{l,2,---,n}} 

= {{vi,s,vj,s):{vi,vj)eE{G)} 

Denote H3 = GsK^^i.s : i e {1, 2, . . . , n}}]. Let P3 = {(vi,3, ^'i,3) : e P}. The 

graph G3 satisfies the property that for all (^2,3,^^,3) G P3 there is no path of length < 4 
between 3 and 3 in G3\E{H3) and also for all (^1,3, ^^,3) ^ P3 the length of the shortest 
path between 3 and Vj^^ in G3 \ E{H^) is 4. 

Let c : y — >■ {1, 2, 3} be a 3- vertex-coloring of G such that every pair of vertices in P 
is rainbow vertex-connected. Define the vertex-coloring C3 of G3 as follows: 

• c^{v^^i) = 1 and C3K^5) = 2, for ^ G {1, 2, ■ ■ ■ , n}, 
C3(t.g) = 1 and C3(x.g) = 2, for ngUg e . 

• C3(vi,\'') = 2 and C3(t;-^^i ) = 3, for i G {1, 2, ■ ■ ■ , n}, 
C3(^g) = 2 and C3(^^)) = 3, for G V^'\ 
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• C3{vi^3) = c{vi), for i e {1, 2, • • • , n}. 



It can be easily verified that rvc{G2) < 3 if and only if G is 3-subset rainbow vertex- 
connected. 

Inductive construction of G^: Assuming that we have constructed Gk-2 — (Vfe-2, -E'fc-2), 
the graph Gk = (Vk, Ek) is then constructed as follows: Each base vertex Vi^k-2 in Vk-2 
is split into the vertices vfl_2, vfl_2 and edges are added between them. Any edge of the 
form {x,Vi^k-2) is replaced by {x.,vfl_2)., {x,vfl_2). After doing this, we add the vertices 

Vi^k and edges (vi,fc, t'-^fc_2)' '^^^-2) ^r i G {1,2,--- Formally the graph Gk is 

defined as follows: 

When k is even: Vk = {u} U vjf^ U l^f ^ U • • • U vl^^\ where 

=^fe-2> M ^ = 0,2,--- ,fc-4; 
^'"'^ ={^!l2>^!l2:^e{l,2,---,n}}; 
V^f) =Kfe:ze{l,2,---,n}}. 

When k is odd: T4 = 14^°^ U 14^^^ U Vjf^ U • • • U V;^''\ where 

^fc'^=^i-^2> for ^ = 0,l,3,---,A;-4; 
^r'^ =KlU<l2:^e{l,2,---,n}}; 
V^f) =Kfe:ie{l,2,---,n}}. 

For all /c > 4, E'^ is defined as follows: 

Ek ^Ek-2 \ {Ek-2{vt;^\ Vtf^) U E{Hk-2)) 

U{Kl2>^) ■ i%k-2,x) e Ek.2ivt2'\vt2'^),t e {1,2, •••n}, a e {1,2}} 

U{Kl2><l2):^e{l,2,...,n}} 

U {Kfe, 4fe-2) : ^ e {1, 2, • • • , n}, a e {1, 2}} U E{Hk) 

where E(iJO = {{v,,i,Vj,i) : G E(G)} and Efe-2(V;^!2'\ ^£2'^) = {(«,^) ^ ^ e 

n^^2^-ei^£-^)}. 

Let Pfe = {{vi^k,Vj^k) '■ (yVi,Vj) e P}. Then we show that the graph Gk satisfies the 
following properties as claims: 

Claim 1 For any {vi^k,Vj,k) G Pk, there is no path of length less than k + 2 between Vi^k 
and Vj^k in Gk \ E{Hk). 

Proof. It has been shown that the assertion is true for G2 and G^. Assume that the 
assertion is true for Gk-2- Let {vi,Vj) e P, then {vi^k-2,Vj^k-2) £ Pk-2, and hence by 



6 



induction, there is no path of length less than k between and Vj^k-2 in Gk-2\E{Hk-2)- 
By the construction of G^, we do not shorten the paths between any two vertices, so the 
paths from v^°'^_2 to vfl_2 will still be of length at least k for G {1,2}. Consider 
the graph Gk \ E{Hk). Since the neighbors of the vertex Vi^k are only v[^il,vfl, the path 

between Vi^k and vj^k niust be Vi^kv'fk-2 ■ ■ ■ '^fk-2'^jM for a = 1 or 2, /3 = 1 or 2, thus their 
lengths are at least k + 2. ■ 

Claim 2 For any {v-i^k, vj^k) ^ Pk, the shortest path between Vi^k o,nd vj^k is of length k + 1 
inGk\E{Hk). 

Proof. It has been shown that the assertion is true for G2 and G^. Suppose that the 
assertion is true for Gk~2- Let (fi,fj) ^ -P, then {vi^k-2iVj^k-2) ^ -P, and hence by 
induction, the shortest path between Vi_k-2 and Vj^k-2 is of length A; — 1 in Gk-2 \ E{Hk-2)- 
By the construction of Gk, we do not shorten the paths between any two vertices, so 
the shortest path between v'f2_2 and v'fk-2 ^^^^ ^^^^1 length fc — lfora;,/3G{l,2}. 

Consider the graph Gk \ E{Hk). Since the neighbors of the vertex Vi^k are only vl^il,vf^, 
the shortest path between Vi^k and Vi^k must be Vi^kv\°'k-2 ' ' ' 'vfk-2'^j,k-2 for a = 1 or 2, /3 = 
1 or 2, thus the length of the path is A; + 1. ■ 

Claim Z G is k-suhset rainbow vertex- connected if and only if Gk is k-rainbow vertex- 
connected. 

Proof. Denote Hk = Gk[{vi,k : « G {1,2, ■ ■ ■ It can be seen that Hk is isomorphic 

to G. 

If Gk is fc-rainbow vertex-connected, let Ck '■ V{Gk) {1,2, ■■■ , /c} be a vertex- 
coloring of Gk with k colors such that every pair of vertices in Gk is rainbow vertex- 
connected. We define the vertex-coloring c of G as follows: c{vi) = Ck{vi^k) for i G 
{1, 2, ■ ■ ■ , n}. If (vj, Vj) G P, then {vi^k, Vj,k) & Pk- By Claim [H there is no path between 
Vi^k and Vj^k with length less than -|- 2 in \ E{Hk). Hence the entire rainbow vertex- 
connected path between f j ^ and Vj^k niust lie in Hk itself. Correspondingly, there is a 
rainbow vertex-connected path between Vi and Vj in G. Thus, G is /c-subset rainbow 
vertex-connected. 

In the other direction, if G is A;-subset rainbow vertex-connected, let c : V{G) — )■ 
{1, 2, ■ ■ ■ , k} be a vertex-coloring of G with k colors such that every pair of vertices in P 
is rainbow vertex-connected. We define the vertex-coloring Ck of Gk by induction. We have 
given the vertex-colorings C2, C3 of G2, G3. Assume that Ck-2 '■ V{Gk~2) — ^ {1, 2, ■ ■ ■ , k — 2} 
is a vertex-coloring of Gk-2 such that Gk-2 is rainbow vertex-connected. We define the 
vertex-coloring Ck of Gk as follows: 

When k is even: 
• Ck{u) = k — 1. 
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. Ck{v) = Cfe_2(^), for V e U V^'> U • . . U V^"'. 

• Ck{vl^l_2) = k-l, Cfc(t;2-2) = for i e {1, 2, ■ ■ • , n}. 

• Cfe('Ui,fe) = c(vi), for i e {1, 2, • • • , n}. 

When k is odd: 

• Ckiv-^d) = Cfe_2K-,o ), (^k{Vifi) = A; - 1, for i G {1, 2, ■ ■ ■ , n}. 
c.(«g) = c,_2(«S5),c,(x.S5) = ^ - 1 for e 

• c,(tO = ^:.-2(t'), for V e V^'^ U U • • • U vi'-'\ 

• Cfe(4fe-2) = A; - 1, Cfe(^;|2-2) = ^r i e {1, 2, • • • , n}. 

• Cjfc(^;i,fe) = c(t;i), for i e {1, 2, • • • , n}. 

Proposition 1 The vertex- coloring of defined above makes rainbow vertex- 
connected. 

Proof. Let v,w e V^, we now show that w are rainbow vertex-connected in Gk- 
Case 1. /c is even. 

By the vertex-coloring c^, we have Cji;(f ) = j + 1, Ck{'v^i^j) = J + 2, Ck{u) — k — 1 and 
Cfe(^^i,fe) = c{vi) for i e {1,2, • • • ,n}, j e {0,2, • • • , A; - 2}. 

Subcase 1.1. v e V,^^\ w e V^'^\ where p,q e {0,2, ■■■ ,k - 2}. 

iiv = vl"J, w = v^l^ for a, /3 e {1,2}, then vvJ^pL2^'S-4 " " " v^i^o^vf)^ ■ ■ ■ wjJJ.gW is the 
rainbow vertex-connected path between v and w. 

If f = w = w^^j for a,/3 G {1,2}, then vvl^l^^p_2vl^^^p_^ ■ ■ ■ v1.^^^qUW is the rainbow 

vertex-connected path between v and w. 

If u = wl"j^, w = w^^j^ for a,l3 G {1,2}, then vuw is the rainbow vertex-connected 
path between v and w. 

Subcase 1.2. ^; = Vi^k, w G where g G {0, 2, • • • , A; — 2}. 

If ty = v^^^ for a G {1,2}, then 'y'yi^fe'_2'i^i,fc-4 ' " " ■^^1,0*'?^^^^^^^ is the rainbow 

vertex-connected path between v and 

If w = w^^^ for a G {1, 2}, then vvfl_2vf'l_^ ■ ■ ■ v^^qUW is the rainbow vertex-connected 
path between v and w. 

Subcase 1.3. v = Vi^k, w — vj^k- 
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If {vi^k,Vj,k) € Pk, then {vi,Vj) G P. By the vertex-coloring c of G, there is a rainbow 
vertex-connected path between Vi and fj in G. Correspondingly, since Ckivi^k) = c{vi), 
there is a rainbow vertex-connected path between f j ^ and Vj^k in Cfe- 

If (t^i,fe,t^j,fc) ^ i^fc, then t^i,fct^f5_2^^1,iL4 ■ ■ ■ ^^2^5^^!^^^^ is the rainbow 

vertex-connected path between Vi^k and vj^k- 

Case 2. k is odd. 

By the vertex-coloring Ck, we have 

Cfc(<y) = J + 1, CfcK^J) = J + 2, for J G {1, 3, ■ ■ ■ , A; - 2}, 
Ck{Vi^o) = 1, Cfc(4o ) = - 1, for i G {1, 2, ■ ■ ■ , n}, 
Ck{v^}) = 1, Ck^) = - 1, for G 
c,(^«) = 2, c.(u;(5) = 3, for nl^^^nli^ G 
Ck{vi,k) = c{vi), for i G {1, 2, ■ ■ ■ , n}. 

Subcase 2.1. v G V^^^^ w G V^'^^ where p, g G {1, 3, ■ ■ ■ , A; - 2}. 

If ^ = ^ = for /5 G {1, 2}, then t^t^[p_2%-p_4 " " " 4o ^iS^iS ' ' ' 
rainbow vertex-connected path between v and w. 

If f = Vi"J , w = w^^j for a,P e {1,2}, then f f i,p_2'^^i,p-4 " " ' '^i,o''"ij- ""^ is the rainbow 
vertex-connected path between v and w. 

If V = w^"'] , w = wl^\ for a,/? G |1,2|, then ■u,-^\ w is the rainbow vertex- 

connected path between v and if. 

Subcase 2.2. v = Vi^k, w G V^''\ where q E {1,3, ■ ■ ■ , k — 2}. 

li w = Vj^'g for a G {1, 2}, then f t^f2_2^i,fc_4 ■ ■ ■ ^i,i'''^i,o '^'j^o'^j^i ' ' ' is the rainbow 

vertex-connected path between v and w. 

If w = for a G {1,2}, then "y^i fc'_2^i ^-4 ' ' ' '^i,i'''^i,o''"!j '"^ is the rainbow vertex- 
connected path between v and w. 

Subcase 2.3. v = Vi^k, w = vj^k- 

li {vi,k,Vj,k) ^ Pk, then {vi,Vj) G P. By the vertex-coloring c of G, there is a rainbow 
vertex-connected path between Vi and in G. Correspondingly, since Ckiyi^k) = c(fj), 
there is a rainbow vertex-connected path between fj ^ and Vj^k in C^. 

If ^ i^. then ■ . . «<>!>S^J^5 • • ■ - a- -inbow 

vertex-connected path between fj ^ and fj^fe. I 

Proof of Theorem [2t From the above Lemmas 1 and 2, the first part of Theorem [21 
the NP-Hardness, follows immediately. 
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In the following we will prove the second part of Theorem |2j Recall that a problem 
belongs to NP-class if given any instance of the problem whose answer is "yes", there 
is a certificate validating this fact which can be checked in polynomial time. For any 
fixed integer k, to prove the problem of deciding whether rvc{G) < is in NP-class, 
we can choose a rainbow /c-vertex-coloring of G as a certificate. For checking a rainbow 
fc-vertex-coloring, we only need to check that k colors are used and for any two vertices 
u and V of G, there exists a rainbow vertex-connected path between u and v. Notice 
that for any two vertices u and v of G, there are at most n^"^ u — v paths of length 
£, since if we let P = uviV2 ■ ■ ■ ve-iv, then there are less than n choices for each Vi 
{i G {1,2, . . . ,£ — 1}). Therefore, G contains at most Yl\=i'^^~^ = "''"'"^^""^ < u — v 
paths of length at most k + 1. Then, check these paths in turn until one finds one path 
whose internal vertices have distinct colors. It follows that the time used for checking is at 
most 0{n^ ■ 71^ ■ 71^) = ©(n^"*"^). Since k is a fixed integer, we conclude that the certificate 
can be checked in polynomial time, which implies that the problem of deciding whether 
rvc{G) < k belongs to NP-class, and therefore it is NP-Complete. ■ 
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